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Abstract
In this short note, using results of Bourgain, Fremlin, and Talagrand [BFT78],
we show that for a countable structure M , a saturated elementary extension M∗ of
M and a formula φ(x, y) the following are equivalent:
(i) φ(x, y) is NIP on M (in the sense of Definition 2.1).
(ii) Whenever p(x) ∈ Sφ(M
∗) is finitely satisfiable inM then it is Baire 1 definable
over M (in sense of Definition 2.5).
1 Introduction
A note of Anand Pillay [Pil17] encourages us to write the present note. In his work, Pillay
shows that a formula φ(x, y) on a structure M has NOT order property iff very type p
in Sφ(M) has an extension to a type p
′ in Sφ(M
∗) (where M∗ is a saturated elementary
extension ofM) such that p′ is both definable over and finitely satisfiable inM . He pointed
out that a model theoretic proof of this equivalence was given by himself in [Pil82]. In fact
this is a well known result essentially due to A. Grothendieck [Gro52] which asserts that
φ(x, y) has NOT order property on M iff the set {φ(a, y) : Sφ˜(M) → {0, 1} : a ∈ M} is
relatively weakly compact in C(Sφ˜(M)), the set of all continuous 0-1 valued functions on
the space of φ-types. Moreover, he presented a model-theoretic proof of Grothendieck’s
result in [Pil17]. Of course, this connection was formerly known by some people, including
Ben Yaacov [Ben14].
On the other hand, recently some authors [Iba14, Kha15, Sim14b] observed the con-
nection between non independence property (NIP) and a result of Bourgain, Fremlin,
and Talagrand in [BFT78]. Roughly speaking, like stability, a formula φ is NIP iff a
set of continuous functions has a ‘good’ topological property, namely relative sequential
compactness.
In this short note, we present a result for NIP formulas similar to the result of Pillay
[Pil17] for NOP formulas. Our approach is ‘double local’, i.e., we do not study an NIP
theory T or an NIP formula φ, but we study a formula φ which is NIP on a structure
M . With these assumptions, we are in the realm of mathematical analysis. Our main
observation is just a translation of the main result in [BFT78] into the language of model
theory. For two reasons we do not provide a model-theoretic proof: (1) the result in
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[BFT78] is very general, i.e., it provides a similar result for [0, 1] valued model theory,
namely continuous logic [BBHU08]. Also, combinatorial aspects of the proof in [0, 1]
version are much more difficult than 0-1 valued logic. (2) This is an invitation for model
theorists who pay more attention to the relationship between model theory and Functional
Analysis.
2 Definitions and proof
Definition 2.1 Let M be a structure, and φ(x, y) a formula. We say that φ(x, y) is NIP
on M ×M (or on M) if for each sequence (an) ⊆M , there are some finite disjoint subsets
E, F of N such that
M 2 ∃y
( ∧
n∈E
φ(an, y) ∧
∧
n∈F
¬φ(an, y)
)
.
There are more equivalent notions of NIP in the frame of continuous logic (see [Kha16]).
This notion was used by some authors in [Iba14] and [Kha15]. (Note that since we want
to study countable structures, in Definition 2.1, the subsets E, F must be finite.)
Fact 2.2 Let M be a structure, and φ(x, y) a formula. The the following are equivalent.
(i) φ(x, y) is NIP on M .
(ii) For each sequence φ(an, y) in the set A = {φ(a, y) : Sy(M) → {0, 1} | a ∈ M},
where Sy(M) is the space of all complete types on M in the variable y, there are
some arbitrary disjoint subsets E, F of N such that
{
y ∈ Sy(M) :
( ∧
n∈E
φ(an, y) = 0
)
∧
( ∧
n∈F
φ(an, y) = 1
)}
= ∅.
Where φ(a, b) = 1 if  φ(a, b) and φ(a, b) = 0 if  ¬φ(a, b).
(iii) Every sequence φ(an, y) in A has a convergent subsequence.
Proof. By the compactness of the type space, (i) ⇔ (ii). The equivalence (ii) ⇔ (iii)
is a well known result due to Rosenthal (see Rosenthal’s lemma in [Kha16]). 
Now, we present main results of Bourgain, Fremlin, and Talagrand [BFT78] which will
be used in this note.
Fact 2.3 ([BFT78], Corollary 4G) Let X be a Polish space, and A ⊆ C(X) pointwise
bounded set. Then the following are equivalent:
(i) A is relatively compact in the set of all Baire 1 functions on X, denoted by B1(X).
(ii) A is relatively sequentially compact in RX , i.e., every sequence in A has a pointwise
convergent subsequence in RX .
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A regular Hausdorff space X is angelic if (i) every relatively countably compact set,
i.e., a set so that every sequence of it has a cluster point in X , is relatively compact, (ii)
the closure of a relatively compact set is precisely the set of limits of its sequences. The
following is the principal result of Bourgain, Fremlin and Talagrand.
Fact 2.4 ([BFT78], Theorem 3F) If X is a Polish space, then B1(X) is angelic under
the topology of pointwise convergence.
Recall that a function ψ on a topological space is Baire 1 if it is the pointwise limit of
a sequence of continuous functions on X .
Definition 2.5 (Baire 1 definability) Let M be a countable structure, M∗ an elemen-
tary extension of it, and φ(x, y) a formula. A type q ∈ Sφ(M
∗) is Baire 1 definable over M
if there is a sequence φ(an, y), an ∈M , such that, for all b ∈M
∗, q ⊢ φ(x, b) iff eventually
 φ(an, b), i.e., for each b ∈M
∗, there is some k such that for all n > k,  φ(an, b).
Equivalently, if φ(an, y) : Sφ˜(M
∗)→ {0, 1} and let ψ(y) := limn φ(an, y) ↾M∗ , then for
all b ∈M∗, q ⊢ φ(x, b) iff  ψ(b).
Recall that for a countable structure M , the space Sφ(M) is a Polish space, since the
set M0 = {tpφ(a/M) : a ∈M} is dense in Sφ(M).
Similar to [Pil17], we let φ˜(x, y) = φ∗(x, y) = φ(y, x).
As previously mentioned in introduction, the following observation is just a translation
of the main result in [BFT78] into the language of model theory.
Proposition 2.6 Let M be a countable structure, M∗ a saturated elementary extension
and φ(x, y) a formula. Then the following are equivalent:
(i) φ(x, y) is NIP on M .
(ii) Whenever p(x) ∈ Sφ(M
∗) is finitely satisfiable in M then it is Baire 1 definable over
M .
Proof. (i) ⇒ (ii): This is equivalent to saying that for every net (ai)i∈I of elements
of M , if tpφ(ai/M
∗) → p in the logic topology, then the type p is Baire 1 definable over
M . Indeed, let A = {φ(a, y) : Sφ˜(M) → {0, 1} : a ∈ M}. Set ψ(y) = limi φ(ai, y) for all
y ∈ Sφ˜(M). Recall that Sφ˜(M) is Polish. By Facts 2.2, 2.3 and 2.4, there is a sequence
(an) ⊆ M such that the sequence φ(an, y) : Sφ˜(M) → {0, 1} pointwise converges to ψ.
(Note that ψ is Baire 1, but may not be continuous.) Now, since p is M-invariant, for
all b ∈ M∗, we have φ(p, b) = φ(p, tpφ˜(b/M)) = ψ(tpφ˜(b/M)) = limn φ(an, tpφ˜(b/M)).
So, limn φ
M∗(an, b) = limn φ(an, tpφ˜(b/M)) = φ(p, b). To summarize, for all b ∈ M
∗,
p ⊢ φ(x, b) iff limn φ
M∗(an, b) = φ(p, b). On the other word, p is Baire 1 definable over M ,
by the Baire 1 function ψM
∗
(y) = limn φ
M∗(an, y) for all y ∈M
∗.
(ii)⇒ (i): Indeed, we show that the set A is relatively compact in B1(Sφ˜(M)). Suppose
that φ(ai, y)→ ψ(y) where ai is a net inM . Since M
∗ is a saturated elementary extension
of M , all types in Sφ˜(M) are realised in M
∗. Suppose that tpφ(ai/M
∗) → p in the logic
3
topology. Clearly, p ∈ Sφ(M
∗) and by (ii), it is Baire 1 definable. Therefore, there
is a sequence an ∈ M such that limn φ(an, y) = φ(p, y) for all y ∈ M
∗. Therefore,
ψ(y) = limn φ(an, y) for all y ∈ Sφ˜(M). So, ψ : Sφ˜(M) → {0, 1} is Baire 1, and hence
A¯ ⊆ B1(Sφ˜(M)). So, A is relatively compact in B1(Sφ˜(M)), and therefore by Facts 2.2
and 2.3, φ is NIP. 
Remark 2.7 Note that by some straightforward adaptions, all statements of the present
note hold in the framework of continuous logic [BBHU08]. One of the reasons that we did
not provide model-theoretic proofs was the possibility of easy generalizations and adapta-
tions of these statements for continuous logic using the language of Analysis.
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